This paper uses a mathematical model of fluorescent biological particles composed of bacteria and/or proteins (mostly as in Hill et al., 2013 [23]) to investigate the sizedependence of the total fluorescence emitted in all directions. The model applies to particles which have negligible reabsorption of fluorescence within the particle. The specific particles modeled here are composed of ovalbumin and of a generic Bacillus. The particles need not be spherical, and in some cases need not be homogeneous. However, the results calculated in this paper are for spherical homogeneous particles. Light absorbing and fluorescing molecules included in the model are amino acids, nucleic acids, and several coenzymes. Here the excitation wavelength is 266 nm. The emission range, 300 to 370 nm, encompasses the fluorescence of tryptophan. The fluorescence cross section (C F ) is calculated and compared with one set of published measured values. We investigate power law (Ad y ) approximations to C F , where d is diameter, and A and y are parameters adjusted to fit the data, and examine how y varies with d and composition, including the fraction as water. The particle's fluorescence efficiency (Q F ¼ C F /geometriccross-section) can be written for homogeneous particles as Q abs R F , where Q abs is the absorption efficiency, and R F , the fraction of the absorbed light emitted as fluorescence, is independent of size and shape. When Q F is plotted vs. m i d or m i (m r À 1)d, where m ¼m r þim i is the complex refractive index, the plots for different fractions of water in the particle tend to overlap. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction
Single-particle intrinsic fluorescence measurements are being investigated and used for detection and partial characterization of atmospheric aerosols [21, 53, 27, 42, 38, 60, 32, 59, 29, 49, 40] . Fluorescence lidar is also being also be generated in the breakup of water, e.g., from raindrops impacting on surfaces, water waves breaking, bubbles in water bursting, persons sneezing or coughing [12] , or flushing of toilets [28] . PBAP include re-aerosolized particles. Mass concentrations over vegetated regions are estimated to be $ 1 μg/m 3 for pollens and for fern spores; $0.1 to 1 μg/m 3 for fungal spores and for plant debris; and $0.1 μg/m 3 for bacteria [19] .
PBAP impact human health, agriculture, and the earth's climate. Pollens and fungal spores can cause allergies such as hay fever. Asthma can be exacerbated by pollens, fungal spores, bacteria, proteins from cats and dogs, and particles from cockroaches and dust mites. Airborne particles, primarily bacteria (e.g., tuberculosis) and viruses (e.g., norovirus and SARS [67] ), are important means of disease transmission in humans [20] and other animals. Fungal spores and bacteria are major plant pathogens [2] . PBAP can scatter, absorb and re-emit atmospheric radiation. Therefore, the absorption and fluorescence properties of atmospheric pollen and fungal materials are relevant for understanding their effects on climate. PBAP can act as cloud condensation nuclei [58] and ice nuclei [66] and thereby affect cloud cover and precipitation patterns. "Uncertainties in aerosol forcing remain the dominant contributor to the overall uncertainty in net anthropogenic forcing" of global climate change ( [56] , p. 114; see also [15] ).
Although intrinsic-fluorescence based instruments are relatively nonspecific and cannot identify specific bacteria, proteins, viruses, etc. [54, 26, 42, 48] , they are used to indicate increases in concentrations of certain bioaerosols and to indicate the need to collect and analyze air samples for identification of biothreats [54, 26, 48] . Such instruments are commercially available, e.g., the UV-APS (TSI), WIBS-4 (Droplet Measurement Technologies), Tac-Bio (Chemring), Bioscout (Environics Ltd.; see [50] ) and IBAC (FLIR Technologies). See [29] for a history and discussion of fluorescence-based bioaerosol detectors.
In designing, developing, and optimizing methods to use such fluorescence-based instruments, questions arise regarding how the fluorescence of bioparticles varies with size, excitation and emission wavelengths, and particle composition. There is a need to develop test particles for such fluorescence-particle counters and spectrometers. These particles should be stable and have optical properties that can be used to verify if an instrument is operating properly. There are also questions regarding concentrations of fluorophores and other absorbing molecules, and the effects of dilution of these molecules by, e.g., water or salt, as can occur in laboratory generated particles [47] , or in particles generated from breaking waves in the ocean, or in hygroscopic particles at moderate to high humidity. Such questions arise, in part, because it is often not possible to generate sufficiently narrow size-distributions of particles. Consequently, estimates of how the fluorescence varies with size are often needed in extracting fluorescence cross sections from a series of measurements and in calibrating instruments which measure particle fluorescence. Questions regarding the variation of fluorescence with particle size and composition are also relevant to understanding and modeling how the detectability and fluorescence of bioaerosols varies with exposure to components of the atmospheric environment such as ozone [51, 43] , reactive oxygenated species (ROS), nitrogen oxides, sunlight, etc., at various humidities [60] . Measurements of fluorescence of bioparticles, with and without exposure to sunlight, ozone, ROS, etc., are needed for models to be developed and validated. It is unlikely that sufficient resources would be available to test every case of interest, e.g., the type of bioparticle, the particle's specific composition, and how its reactions vary with sunlight, humidity, different types of ROS, etc. Therefore, there is interest in improving modeling capabilities for fluorescence of bioparticles and in attempting to find closure with measurements of: (a) particle fluorescence intensities and spectra; (b) compositions of bioparticles; (c) absorptivities and fluorescence cross sections of the relevant fluorophores and other absorbing molecules; (d) how fluorescence and refractive index of particles vary with water content; (e) how the relevant molecules are modified by sunlight, reactions with ROS, etc., at different water contents; (f) how the water content of different particles varies with humidity; and (g) how this relation between water content and humidity can vary as the molecules in the particles react with atmospheric constituents, with or without sunlight. The task is daunting. However, an even more daunting task would be to understand and predict the responses of different instruments to bioaerosols that have been exposed to various atmospheric conditions and constituents for various times, without modeling the fluorescence.
Hill et al. [25] attempted to address the dependence of bioaerosol fluorescence on size and composition. Two of the limitations of that work are: (a) it considered only one fluorophore and absorbing molecule, i.e., tryptophan; and (b) it compared the calculations only with measurements of relative fluorescence intensities. That is, only the shapes of the fluorescence-vs.-diameter curve could be compared with measurements. The amplitudes of the measured fluorescence had to be adjusted to fit with calculated values. The paper noted that, for very small or slightly absorbing particles, the fluorescence increases with d 3 for approximately spherical particles, but for large absorbing particles the fluorescence increases proportionally to a linear dimension squared (as the particle's geometric cross section). Since then, many researchers have asked how the fluorescence varies with particle size in the regions between these extremes. We have replied that the concentrations, absorptivities and fluorescence quantum yields of the relevant molecules are needed in order to calculate the total fluorescence cross sections. Recently Hill et al. [23, 24] published a set of fluorescence and absorption properties of the main fluorophores in bacteria, as well as concentrations of these molecules for two vegetative bacteria, a bacterial spore and two proteins. They assembled this information because it is required for calculating fluorescence cross sections of these bioparticles and because it helps in extracting sizedependent fluorescence cross sections from measured fluorescence data from particles of varying sizes.
In the present paper the concentrations and optical parameters are similar to those described previously [23, 24] , where the main modification is in some updated densities and in also treating particles that are diluted with different fractions of water or mixed with salts. Also, in the present paper, the mathematical model is similar to that described [23, 24] , but with some additions: (a) some updated densities are used and expressions for the properties of spheres having various water fractions are given; (b) expressions for the fluorescence now explicitly indicate the non-radiative transfer of energy from one molecule to another; (c) an expression is given for the fluorescence cross section of particles composed of multiple homogeneous regions. Bacteria and proteins excited at the excitation wavelength used here (266 nm) more complex and interesting variations of fluorescence with size than do such particles excited at wavelengths longer than 300 nm where the absorption of light is much weaker.
Mathematical model of bioparticle fluorescence
The primary molecules used in the calculations by the mathematical model [23] are as follows: (1) the fluorophores tryptophan, tyrosine, NADH and NADPH, flavins, vitamins B 6 and K and their congeners, ubiquinone (and in bacterial spores, calcium dipicolinate (CaDPA)); (2) the absorbing but not fluorescing molecules phenylalanine and cystine in proteins, the nucleic acids (DNA, RNA, and small molecules such as adenosine diphosphate).
Primary assumptions and aspects of the mathematical model [23] which allow for a simplification in the calculations are as follows: (1) The absorbing and fluorescing molecules are randomly oriented in any region within the particle where the dimensions of the region are small compared to the wavelength but large compared to the dimensions of the fluorophores and absorbing moieties (e.g., adenosine in RNA). We think this is a useful assumption for the particles studied here. (2) The fluorescence calculated is the total fluorescence emitted from the particle. This assumption is probably adequate for comparing with instruments which collect light over a large (e.g., 42π sr) solid angle, but will be of limited usefulness for instruments such as the WIBS [47] which measures fluorescence at different angles relative to the excitation beam. (3) The fluorescence emitted inside the particle is not reabsorbed in the particle. It exits from the particle. Thus the model is applicable only to cases where the reabsorption of fluorescence is sufficiently small so that its effects are negligible for the desired uses. The adequacy of this assumption for a given particle composition, size and wavelengths must be verified by calculation. This assumption is valid for the particle sizes and compositions for the illumination wavelengths discussed in this paper, but it is not likely to be useful for all bioaerosols, e. g., pollens, excited at all wavelengths.
In the mathematical model presented here the particle need not be spherical and homogeneous, and the illumination need not be with a plane wave, although we treat spherical homogeneous particles illuminated by a plane wave in our calculations and implementation. If a means is available for calculating the absorption in each homogeneous region of a nonspherical particle held in some orientation with respect to an incident wave, and if the assumptions stated above hold, then the approach presented here can be applied to that nonspherical inhomogeneous particle (see 2.2.5 below). Light scattering codes (e.g., [36] , chap. 6) such as T-matrix methods, finitedifference time-domain (FDTD) methods, discrete dipole (DDA) or moment methods, are available for calculating scattering by highly complex particles. In doing such light scattering calculations for complex PBAP, the problem of finding an adequate light-scattering code may be less difficult than that of finding the concentrations of the relevant absorbing and fluorescing molecules in each region of the particle.
In the calculations presented here, the particle is homogenous and spherical, not because most bioaerosols are homogeneous and spherical, but because it is useful to first understand the main features of the simplest problem without being distracted by inhomogeneities or nonsphericities. It would be even more difficult to find reasonable approximations to the concentrations and parameters needed for calculations of inhomogeneous particles. Also, it is easiest to calculate results for the homogeneous sphere illuminated with a plane wave.
In the following description, the optical properties and parameters are wavelength dependent, but the subscripts and superscripts of the λ's (which represent the wavelengths in free space) are all suppressed to keep the notation from becoming unwieldy. The model naturally divides into two main topics: the optical properties of the materials comprising the bioaerosol, and the method of calculating fluorescence properties of homogeneous particles composed of these materials. The steps used are as follows.
2.1. Determine the optical properties of the bulk material comprising the particle , where k indicates the kth substance. Although here we only calculate results for homogeneous particles, if the particle were to consist of a set of homogeneous regions, this determination would be repeated for each region. Aerosolized bacteria are often measured when they are relatively dry. The concentrations for some substances, e.g., DNA or proteins, are often specified in terms of the fraction of the dry weight. For other substances, the concentrations in the literature are for bacteria with the water content of a cell growing in a culture medium. The parameters used in the estimates: (a) densities, (b) mass fraction of water, (c) ratio of aqueous intracellular volume to cellular dry weight, and (d) volume per gram of some of the aqueous solutions, as discussed below.
(a) The density used for dry ovalbumin 1.28 g/cm 3 and for bovine serum albumin is 1.26 g/cm 3 . The density used for wet vegetative cells is 1.098 g/cm 3 which was measured for Bacillus anthracis [14] , and is similar to data of Kubitschek [30] for Escherichia coli and the fungus Schizosaccromyces pombe, and of Baldwin et al. [5] for E. coli at osmolarities similar those in standard phosphate buffered saline. The density used for dried vegetative cells is 1.43 g/cm 3 (a value in the range of those obtained by Delgado et al. [18] in their Fig. 2B ). /g as used by Bennett et al. [7, 8] . In using the density of 1.098 g/cm 3 given above for bacteria, and the aqueous intracellular volume of 2.3 cm . This value is used here in converting the concentrations of Bennett et al. [8] for nucleic acid monomers, flavins and other small molecules, which are given as moles/ liter of the aqueous part of the cells, into moles per volume, or moles per mass, of the whole cell, which is needed for the average optical properties, which are best estimated using moles/liter or g/liter of the total volume. Therefore, the concentrations of the metabolites given by Bennett et al. [8] are converted here into units of moles/liter for the total cell by multiplying the concentrations of Bennett et al. [8] by 0.76. (d) For particles of albumin combined with different amounts of water, the concentrations are estimated using approximations of the measured plots of volume per gram (V m ) (reciprocal of density) of the protein-water mixture vs. the fraction of water by mass (w), as shown in Sirotkin et al. [52] in parts A and B of their first figure. We approximate these curves as three linear segments: ). The mass fractions do not total to 100% because some molecules are counted twice (e.g., cystine is listed individually, but also is in total protein) and some non-absorbing materials are omitted to save space.
Material
Absorption coefficient (2.1.2) Determine or estimate the complex refractive index of the particle (m ¼m r þi m i ) at each of the excitation and emission wavelengths. In another common notation, m r is labeled n and m i is labeled k. The m i specifies the absorption per volume in a bulk material and the decrease in the intensity IðzÞ of a plane wave as
(see [10] , p. 29, noting that their k is our m i ), which can be compared with the Beer-Lambert law, I(z)/I 0 ¼10 À εcz ([34] , p. 59-59, or [37] , p. 76) where ε is the absorptivity (also known as the absorption coefficient or extinction coefficient), and c is the concentration. For the small molecules in this paper, ε is in liters/(mole cm), i.e., it is the molar absorption coefficient, and c is in moles/liter. Also, for proteins the ε is determined by summing the contributions from the amino acids. However, for DNA and RNA, the ε is in cm 3 /(g cm) and c is in g/cm 3 . Comparison of these two expressions for I(z)/I 0 , shows that m i is related to ε and c as
When the material contains multiple species of molecules or macromolecules, the total m i (i.e., T m i ) at any wavelength is
where the contribution to the total m i from the kth material is found as
where ε k is the absorptivity of the kth material and c k is the concentration. Estimating the m i requires the concentrations per volume of the molecules that absorb light and the average absorptivities of each of the absorbing molecules. The absorptivities, concentrations, and k m i used in this paper are shown in Table 1 , which are in most cases the same as those in [23, 24] . The fraction of the total energy which is absorbed by the kth material is
The m r of the dry Bacillus is assumed to be equal to that of Erwinia herbicola as reported by Arakawa et al. [4] , i.e., 1.59 at 266 nm. The m r of the dry ovalbumin at 266 nm is assumed to be 1.598 as reported by Arakawa et al. [3] . The m r for particles containing water and solids is calculated as the average weighted by mass fractions of water and of the solids.
(2.1.3) Estimate the fluorescence quantum yields (φ k ) for each of the fluorophores (denoted by subscript k) as φ k ¼fluorescence emitted by the kth material/light absorbed by the kth material.
The φ k used in this paper and the problems in estimating these are discussed in [23] . Because these φ k are quantum yields the fluorescence emitted and the light absorbed are in units of photons and intensities are in photons/m 2 . The properties of the fluorescing and absorbing molecules and the concentrations of molecules and the calculated imaginary refractive indices for B. subtilis vegetative cells and ovalbumin at 266 nm as used here are shown in Table 1 . As in [23] , only one value is used for the φ of tryptophan. In most cases we will have no further information about the φ of tryptophan in any specific bacteria or protein and will be forced to use some best estimate value. By using only one value for the φ of tryptophan here, we are using the approach we will most commonly be forced to take. However, if values of φ for tryptophan or other molecules in specific proteins or other bioparticles are known, they should be used in comparing with measurements of those bioparticles. For example, the reported value for the φ for tryptophan in ovalbumin is approximately 0.24 [35] , which is approximately twice as large as the value used here. However, all the findings about the size dependence of fluorescence reported here, are unaffected by the specific value of φ used for tryptophan because tryptophan is the only significant fluorophore.
In the bacteria investigated here at 266 nm, the absorption is dominated by nucleic acids (DNA, RNA and free nucleotides and nucleosides) and aromatic amino acids. In ovalbumin, the absorption is dominated by aromatic amino acids. Tryptophan strongly dominates the fluorescence in both particles. The absorption efficiencies and concentrations for a variety of molecules that contribute very little to the 300-360-nm fluorescence excited at 266 nm are included in Table 1 because: (a) they are included in the calculation of absorbance at 266 nm (although their contribution may be negligible at this wavelength), and (b) they are also used in verifying that the reabsorption of the fluorescence emitted by tryptophan is small (see [23] for the relevant absorptivities at 339 nm).
2.2. Calculate the fluorescence cross section and particle fluorescence efficiency (2.2.1) Calculate the absorption cross section (C abs ) of the particle and the absorption efficiency (Q abs ), i.e., C abs divided by the geometric cross section of the particle for its particular orientation in the illumination beam. These can be calculated for highly complex and inhomogeneous particles or agglomerates using a variety of methods ( [36] chap. 6). For the spherical particles studied here,
where r is the radius, and Q abs is calculated here using the codes in [6] . (2.2.2)Calculate the fraction of C abs attributable to the kth fluorophore as
when there is no non-radiative energy transfer from one molecule to another. To take into account the nonradiative transfer of energy from the jth molecule to the kth fluorophores (e.g., from tyrosine to tryptophan) the fraction of the C abs attributable to the kth fluorophore can be written as,
where η kj (c k ,c j ) is the fraction of the energy absorbed by the jth material that is transferred nonradiatively to the For the calculations in this paper, where the excitation wavelength is 266 nm, the most significant off-axis η kj is the one specifying the fraction of energy absorbed by tyrosine that is transferred to tryptophan. Here this fraction is assumed to be 0.3 in an attempt to be consistent with the data and discussion of [35, p. 430-437] . Because the tyrosine concentration can exceed that of tryptophan in some proteins by factors of more than 10, this transfer of energy from tyrosine to tryptophan can significantly affect the fluorescence. Unfortunately, we do not have sufficient information to estimate an average η kj (c k ,c j ) for other important pairs of molecules which transfer energy nonradiatively, e.g., tryptophan to NADH, or tryptophan to pyridoxamine phosphate (PMP) [55] . However, the concentrations of these other molecules are sufficiently low compared to those of tryptophan and tyrosine that for the particles studied here excited at 266 nm, and for the emission wavelength range used (where tryptophan fluorescence dominates), the effect on the fluorescence should be small relative to the uncertainty in fluorescence quantum yield for tryptophan in the bacteria.
(2.2.3) Calculate the total fluorescence cross section ( T C F ), defined as
where I F is the total fluorescence emitted into all angles when the particle is illuminated by a plane wave with intensity I inc . This I F and I inc here are in photons/m 2 because the φ k are quantum yields. For I F and I inc in W/m 2 the φ k are fluorescence yields which are the fluorescence quantum yields reduced by the ratio of the average fluorescence frequency to the incident frequency. For 266 nm excitation an average emission wavelength of 330 nm, which is reasonable for tryptophan, the fluorescence yield is approximately 266 nm/330 nm, or 0.8, times the fluorescence quantum yield. This T C F is calculated as
where the contribution of the kth material to the total fluorescence cross section for the particle is
and so the fluorescence cross section is
A relation that can be useful in understanding the sizedependent fluorescence of particles is obtained by rewriting Eq. (12) as,
where
is the ratio of the energy emitted as fluorescence to the energy absorbed. Therefore, C F in Eq. (13) is seen to be the product of R F , which is independent of the size and shape and depends only upon the absorbers and fluorophores in the material, and C abs , which depends upon the particle size, shape, and T m i . The C abs is independent of the fluorescence quantum yields and of the particular set of materials which have that T m i . (2.2.4) Calculate the particle fluorescence efficiency as T C F normalized by the geometric cross section, which for a sphere is,
(2.2.5) For a particle composed of N homogeneous regions illuminated by a plane wave of intensity I inc , the T C F is
and W k is the energy absorbed in the kth region, and k R F is the ratio of the energy emitted as fluorescence to the energy absorbed for the kth region.
(2.2.6) Verify that the absorption at the emission (fluorescence) wavelength is sufficiently small to be ignored. To do this, calculate the penetration depth (δ fl ) for a plane wave in a bulk material using λ fl (the free space wavelength of the fluorescence), the m i at λ fl , and Eq. (1), as:
Then verify that exp( À 4r/δ fl ) 40.9, i.e., a plane wave can travel a distance of two particle diameters and decrease less than 10% in amplitude. A more thorough analysis of the fluorescence that exits the sphere (e.g., [16, 65] ) is complex and time consuming. In a ray-trace approximation of the fluorescence, each time the ray meets the sphere surface it either exits the sphere or reflects internally. When δ fl ¼4r ¼2 diameters, all rays remaining in the particle after traveling a distance of δ fl will have reflected from the surface of the particle at least two times, and most of the remaining rays will have reflected least four times. In using ray optics to model the intensity inside a large droplet, Velesco et al. [63, 64] , noted "no discernible differences between the results of three or eight internal reflections." In a homogenous perfect sphere some of the rays will be trapped inside and not exit, but in full wave solutions to Maxwell's equations, the light has a finite lifetime. Also, real bioaerosols are typically not perfectly smooth or totally homogeneous, and so even in the ray approximation the light is not completely trapped by repeated total reflection. There are reasons to think that the use of a spherical shape in the model will not cause discrepancies that are large compared to the variability in reported measurements of fluorescence cross sections: (1) The total fluorescence cross section is proportional to the absorption by particles when there is no reabsorption of fluorescence. Measured fluorescence cross sections are typically for averages of many particles where there seems to be no reason to assume these particles have a preferred orientation. (2) Calculations of randomly oriented spheroids with an aspect ratio of 1.4 indicate that the absorption cross section is within about 5% of the absorption cross sections of equal surface area spheres with refractive index 1.53þi 0.008 ( [36] , p. 294-295). This result holds for both prolate and oblate spheroids. However, the effect is as large as 5% only for particles with d/λ much smaller than those studied here. For aspect ratios of 2.0, the results are within about 17% in the worst case, which again occurs for particles much smaller than those studied here.
In cases where m i is low but not zero, morphology dependent resonances, also known as whispering gallery mode resonances, may be noted in calculations of C abs of spherical or spheroidal particles. Absorption of light at resonance wavelengths can require careful attention in cases where the m i is very small [22] . However, the amplitudes of such resonances tend to be strongly reduced in particles which have non-smooth surfaces or which absorb light as well as do the bioparticles illuminated at 266 nm modeled here. Most biological particles are sufficiently nonspherical and/or inhomogeneous to reduce the amplitudes of these resonances and leave relatively smooth curves of absorption vs. size. An example of a bioparticle that is homogeneous and spherical is one composed of albumin and sufficient water to dissolve all the albumin. In some cases in this paper the resonances appear more prominent than they would be even for spherical particles because the lines used in the plots are thicker that the resonance linewidths.
Results and discussion
Reabsorption of the fluorescence within the particle was verified to be small for the cases modeled here, as outlined in 2.2.5 and as follows. The emission wavelength was assumed to be 0.339 mm, and the optical parameters for this wavelength were as in [23] . Assuming all the emission is at 0.339 mm leads to an overestimation of the absorption because much of the fluorescence is at wavelengths that are absorbed less. This overestimation is adequate for our goal of keeping within a range where reabsorption is negligible. Of the particles considered here, the ones with the highest reabsorption have the composition of 99% Bacillus and 1% water. The largest particles with this composition have d ¼12 mm. For this worst case, a plane wave could travel two particle diameters (24 mm) and only decrease in intensity by 7.3%. That decrease is negligible compared to uncertainties in particle composition and any single-particle fluorescence measurements of which we are aware. A wave could travel 26 of these 12-mm particle diameters before its intensity decreases to 1/e. The large majority of the fluorescence would exit the particle after traveling distances smaller than two particle diameters. Therefore the assumption of negligible reabsorption should be adequate for the cases described below.
Fluorescence vs. diameter: calculated cross sections and measured relative amplitudes
After we understood that we had underestimated the importance of absorbing and fluorescing molecules other than tryptophan in B. subtilis, we wondered why our previous plots of fluorescence vs. size compared as well as they did. These had been plotted for measured relative fluorescence of B. subtilis and for calculated fluorescence of homogenous particles containing tryptophan [25] . Fig. 1 shows the measured fluorescence (relative intensity as described in [25] ) (scale on the right), and calculated fluorescence cross section (scale on the left), both as a function of particle diameter. The measured data (from [25] ) are the same in each panel. The values were measure as follows: (a) B. subtilis was suspended in water; (b) the suspension was aerosolized using an ink jet aerosol generator; (c) the generated particles were illuminated with a pulsed laser operating at 266 nm which was triggered to fire when a particle was detected (i.e., when the light it scattered from two crossedbeam diode lasers was detected); (d) the fluorescence was collected with a large solid-angle lens centered at 901 from the direction of the illumination beam; and (e) the intensity was recorded using an intensified CCD camera. In each panel in Fig. 1 , the scale of the calculated fluorescence was adjusted to give similar amplitudes to the measured and calculated curves.
Several features are apparent in Fig. 1 . First, the calculated curves appear to be decent fits to the measured data, good enough to give the impression that the model parameters are not terribly far from the actual values. However, in the calculations in Fig. 1(a) tryptophan is the only light-absorbing molecule (m i ¼ 0.0064), while in the calculations of Fig. 1(b) , only 14% of the light is absorbed by tryptophan (m i ¼ 0.045), as in Table 1 . Although the amplitude of the calculated C F varies by a factor of almost six between Fig. 1(a) and (b) , the shapes of the calculated curves do not change dramatically. That suggests that without measurements of the absolute C F vs. size, comparisons such as those shown here may lack the power to distinguish between quite different assumptions about particle composition, at least when plotted in this way.
3.2. Log-log plots of particle fluorescence vs. size: calculated and measured Fig. 2 shows the same data as in Fig. 1 , but plotted as log (C F ) vs. log(d). As in Fig. 1 , even though the absolute magnitudes of the two calculated curves differ by a factor of seven, the shapes of the calculated curves appear to be decent fits to the measured data.
The approximate linearity of the log(C F ) vs. log(d) plots in Fig. 2 motivates questions regarding how linear such plots would be for a larger range of particle sizes and compositions. Therefore, in Fig. 3 the mass fraction of water in a Bacillus particle is varied, and the range of d is extended to include particles smaller than 100 nm. The 0.1 mm diameter particles in Fig. 3 have fluorescence approximately proportional to concentration, e.g., particles with 98% solids have approximately 10 times the fluorescence of the particles with 10% solids. On the other hand, the 10-mm diameter particles with 98% solids have only approximately 10% more fluorescence than the 10-mm particles with 10% solids. That is, for d¼ 10 mm, and for the concentrations shown, the fluorescence is almost independent of concentration. This type of observation suggests that some care is needed in interpreting measurements. At intermediate sizes, e.g., 1 mm diameter, the particles with the lowest concentrations of solids still have fluorescence approximately proportional to concentration of solids; however, particles with higher concentrations of solids have fluorescence that increases less rapidly than concentration does. These differences suggest a need for further examination. Fig. 4 illustrates the calculated particle fluorescence efficiencies (Q F ) plotted vs. d. The shape of each curve is determined by the shape of its absorption efficiency curve (Q abs ). In contrast to Figs. 1 and 2 , there is a larger difference between the shapes of the two calculated curves in (a) and (b) of Fig. 3 . This difference occurs in part because the d 2 variation, which is removed in Fig. 3 , dominates the variation with d in Figs. 1 and 2 . The measured values of Q F appear to be much noisier, especially in the 2-4 mm diameter range, where the measured amplitudes are smallest. The clear differences between these calculated Q F curves, and the known usefulness of Q abs in light-scattering studies, suggest further examination of Q F for better understanding variations in particle fluorescence with size, and for possibly extracting Table 1 , and the fluorescence yield of tryptophan is 0.12. In (a) no absorbing or fluorescing molecules other than tryptophan are included, the refractive index is 1.59 þ i 0.0064, and the scale on the left is from 0 to 12. In (b) all the molecules listed in Table 1 are included, 30% of the energy absorbed by tyrosine is transferred non-radiatively to tryptophan, and the labels on the scale on the left are from 0 to 2. Fig. 2 . Log-log plots of calculated fluorescence cross sections (solid line, left scale) and measured fluorescence intensity (circles and squares, right scale) each vs. particle diameter. In (a) no absorbing or fluorescing molecules other than tryptophan are included. In (b) all the molecules listed in Table 1 are included. information about particle composition, e.g., variations in water content which might occur because of variations in humidity [43] . Fig. 5(a-c) indicates the dependence of fluorescence efficiency on diameter and on water content, for Bacillus vegetative cells (Fig. 5(a) , properties given in Table 1) , Bacillus vegetative cells with no absorbing or fluorescing molecules other than tryptophan (Fig. 5(b) ), and ovalbumin (Fig. 5(c) ). In Fig. 5 (a) the particles with smallest concentrations of solids (10% and 21%) have fluorescence approximately proportional to concentration at the smallest sizes. However, for larger sizes the fluorescence efficiency reaches a maximum value of approximately 0.018 for particles having diameters of 0.6 mm at 98% solids, 4 mm at 46% solids and 9 mm at 21% solids. A zeroth order assumption might be that for a particles of a given size, those particles with more bacterial solids will have significantly more fluorescence than particles with only 50% or 22% of solids. However, Fig. 5 illustrates that this is not the case. In Fig. 5(a) , the 8 mm diameter spheres have particle fluorescence efficiencies within a few percent of 0.018 whether they have 98% solids, 46% solids or 21% solids. Even the 4 mm diameter spheres with 46% solids have fluorescence within 5% of the spheres with 98% solids. The fluorescence cross section per volume decreases as d increases.
Particle fluorescence efficiency vs. size: measured and calculated
A difference between Fig. 5 (a) and (b) is that in (b) the fluorescence vs. size curves are all stretched toward larger diameters (to the right) which is consistent with the shape of the Q F vs d curve being determined by that of Q abs . In Fig. 5(b) and (c), the Q F depends strongly on the water content at all diameters from 0.1 to 12 mm. Also, the amplitudes of resonances, and the d at which these resonances occur, decrease as the content of the absorbing solids increases. These curves suggest the importance of knowing the percentages of non-fluorescing and nonabsorbing materials (e.g., water, salts, dextrose), if any, that are mixed with the organisms and/or proteins in particles. Note in Fig. 5(c) that if the fluorescence quantum efficiency used for tryptophan molecules in ovalbumin was the actual value for ovalbumin, e.g., 0.24 as reported in Longworth [35] , the scale on the vertical axis would be approximately two times higher. Then dry 12 mm particles of ovalbumin would have C F and Q F approximately 14 times that of the dry Bacillus.
No results for excitation at wavelengths other than 266 nm are shown here. However, [23] These m i are approximately 1/3rd of the lowest m i in any plot in Fig. 5, i. e., the 0.00026 in Fig. 5(c) . Therefore, for 325, 339 or 450 nm excitation of these clean bacteria, the Q F will increase approximately linearly with d when d is less than 12 μm. This relation may not apply if the bacteria have too many impurities [33, 41] . In Fig. 6 (a) the Q F are plotted vs. the d Â m i (upper axis) and vs. a dimensionless diameter (d/δ) on the (lower axis). Here δ ¼ λ=4πm i is the penetration depth, i.e., the distance a plane wave travels in a medium before it decreases to 1/e of its starting intensity. The curves of the fluorescence vs. d/δ or vs. d Â m i in Fig. 6(a) are much closer to overlapping than are the curves in Fig. 5 . That overlap occurs primarily because, for these absorbing particles, d/δ is the relevant dimensionless particle diameter, i.e., the diameter as the number of 1/e distances. In Fig. 6 (a) the real part of the refractive index varies with the fraction of water, as described in section 2.1.2. However, the value of d/δ at which each curve reaches its maximum or point of leveling increases as the fraction of solids decreases.
In Fig. 6 Fig. 2 ) in their use of a normalized size parameter, that is, the phase shift parameter, ρ¼ (m r À 1)πd/λ, to overlay the curves of the scattering efficiency (Q sca ) calculated for different m r .
In Fig. 6 (c) the axes are the same as in Fig. 6(b) , but m r ¼1.585 for all cases. This m r should be an appropriate estimate for bioparticles mixed with a NaCl (m r ¼ 1.63 at 266 nm) and an appropriate amount of another salt or some carbohydrate. Not all the curves overlap even when d/δ¼20, but at sufficiently large d they do overlap (not shown).
Internal intensity distributions and relations to d/δ, angular scattering and inhomogeneities
The internal intensity distributions shown in Fig. 7 help in visualizing why the fluorescence cross sections are proportional to volume when the combination of particle size and concentration of absorbing molecules are small, but are proportional to surface area when the size and concentrations of absorbing molecules are higher. For larger particles (Fig. 7(b) ), the high intensity in the sphere is near the illuminated surface and so the fluorescence increases approximately as surface area or d 2 . For smaller particles ( Fig. 7(a) ), the high intensity is far more uniform over the volume of the particle and energy is absorbed throughout most of the volume. In cases where d/δ is greater than approximately 2 or 3, the dominant features of the internal intensity distributions should be similar for particles with the same d/δ. In the model described here, only the total fluorescence is treated, i.e., the angular distribution of the fluorescence from particles is ignored. Backward enhancement of the fluorescence from particles has been reported in fluorescence calculated and measured for spheres [13] , and in fluorescence measured for nonspheres [39] . The backward enhanced fluorescence is explained based on reciprocity, which applies when there is a strong similarity between the internal intensity distribution (as in Fig. 7(a) ) and the regions in the sphere from which light is collected in the backward direction. The internal intensity distribution in the 1-mm sphere in Fig. 7(a) is similar to those in the previous calculations [13] . Even so, it is not likely to have much backward enhancement of the fluorescence because d/δ is larger than in the previous calculations and is in the transition region between large and small values. On the other hand, the intensity distribution in the 6-mm sphere in Fig. 7(b) is very different from that in the previous calculations in that the energy absorbed is largest on the illuminated side. The fluorescence from the model sphere in Fig. 7(b) is not one for which reciprocity is expected to be applicable because d/δ is relatively large for the incident wave (266 nm). However, the d/δ flu for the fluorescence is much smaller than one, and so the shape of the distribution for collection of the light is much more similar to that in Fig. 7(a) . At excitation wavelengths longer than 300 nm the m i of proteins and most bacteria are much smaller than is the m i of either the Bacillus or albumin excited at 266 nm illustrated here [23] . Therefore, d/δ should be less than 1 for particles composed of clean bacteria or proteins having d less than 15 when excited at wavelengths 4300 nm.
Slope of log(C F ) vs. log(d) for different particle diameter and fractions of water
The slopes of the curves in the log(C F ) vs. log(d) vary with the particle composition and size (Fig. 3) . These variations in the slopes are also seen in Fig. 8 which shows these slopes plotted against the diameter for Bacillus (Fig. 8(a) ) and albumin ( Fig. 8(b) ) particles. For each of these figures the fraction of solids in water varies from 10% to 98%. In Fig. 8 these slopes approach 2.8 to 3 (i.e., approach a proportionality to volume) for the combinations of smallest diameter and lowest percentage of solids. The slopes approach two (proportional to cross section) for particles with 98% solids with the composition of Bacillus, even when the particle diameters are as small as 2. On the other hand, for particles that are only 10% or 18% albumin in water, the slope approaches 2.8 and decreases very slowly if not negligibly in the 1 to 15 mm diameter range shown. Fig. 9 illustrates the slopes of log(C F ) vs. log(d) plotted vs. mass fraction of solids in water. The fraction of solids in water varies from 10% to 98%. Fig. 9 , in effect, selects several diameters from Fig. 8 and for each plots the slopes of log(C F ) vs. log(d) against the fraction of solids in the particle.
Calculations such as those shown in Figs. 8 and 9 should be useful for estimating or verifying the content of water, salts, or other nonfluorescent materials in the particles at the time they are measured. A motivation for this work has been the need to estimate how fluorescence varies with size and composition in order to estimate particle-size-independent optical properties from single particle measurements over a range of particle sizes. In Fig. 10 with the log-fluorescence vs. log diameter for diameters between 0.4 and 8.6 mm.
The exponent y in Ad y tends to decrease as the water content of a hygroscopic particle decreases. Also, the quality of the fit varies with fraction of solids. For the case of 98% solids, the fit is within approximately 5% between 0.8 and 10 mm. The closeness of this approximation is not so surprising given that in Fig. 8(a) the slopes for the case of 98% solids is within 12% of 2.0 for d between 1 and 12 mm. Even for the cases with higher water content in Fig. 10 , the ratio of the calculated to the fit fluorescence is within 13% for diameters between approximately 1 and 10.5 mm. This result is more remarkable because in Fig. 8(a) the slopes in the slope vs. diameter plots vary by approximately 0.7 over the diameters from 1 to 10 mm for each of the other cases (18% and 31% solids). Table 1 , and in (b) of homogenized ovalbumin as in Table 1 . Table 1 , and in (b) of ovalbumin.
magnitudes of the C F -vs.-d or Q F -vs.-d curves are essential for more complete and informative comparisons. Comparisons with absolute magnitudes of fluorescence are also needed to reach closure among all the measured quantities (concentrations, absorptivities, densities, fluorescence, particle diameter, etc.) and the modeled fluorescence. For example, if particles are assumed to be pure and dry but actually contain a large but unrecognized fraction of water or salt, then closure will not be possible (although some other errors might accidentally compensate these errors and cause even further problems).
If absolute C F is measured for particles of various sizes, and the values are plotted as in Fig. 5 , and the curve of Q F vs. d reaches an asymptote, then m i can be approximated by solving (m r À1)d/δ¼2, using some reasonable estimate of m r . Then the estimated m can be used to calculate the asymptotic value of Q abs . This asymptotic Q abs will probably be between 0.9 and 0.96 for any bioaerosol particle with enough absorption for Q abs to approximately reach an asymptote. Then R F is found as Q F /Q abs .
There is value in examining the shapes of these fluorescence vs. d curves whether the measured quantity is relative or absolute fluorescence. The variations in C F with water content are clear in Figs. 3, 5, 6 , and 8-10. These variations suggest the importance of estimating the content of water or other non-fluorescing materials when they might be in a sample. Consider particles generated by mixing a pure protein in water, aerosolizing the mixture, and then attempting to dry the droplets in air before their fluorescence is measured. Some proteins, such as albumins, are hygroscopic and dry relatively slowly. Figs. 5, 6 and 8-10 suggest that it should be possible to estimate the amount of water remaining in the particles at the time of measurement. The measured-fluorescence divided by πd 2 /4 can be plotted vs. d and compared with calculations of fluorescence from particles of protein in water. These calculations would be made similarly to those in Figs. 5 and 6, but would be made using the parameters of the specific protein if known, or estimated if the amino acid content is known. The m that gives the best fit of the calculations to the measurements can be selected and used to estimate water content. Also, the measured relative fluorescence can be plotted vs. d in a log-log plot (as in Fig. 3) , and the best fit slope (y) can be determined and compared with calculated values of y for different m (similar to those in Figs. 8 and 9 ). Such an approach can also be relevant for detecting other nonabsorbing materials such as salts or carbohydrates. Such materials can be relatively unimportant for many biological applications (e.g., growing more of a sample without contamination by other microbes), but can be very important for understanding the fluorescence of particles made from a sample. Or consider particles held for a sufficient time in air with a constant humidity so that their water content has come to equilibrium. This equilibrium depends upon the salt content and the types of protein or other biological material in the particle, as well as on the humidity. Another is that if the particles are generated by aerosolizing an aqueous solution or suspension, the larger droplets will take longer to dry and may have a higher fraction of water at the time of measurement. Also, when aerosolized droplets of solutions (of, e.g., proteins, carbohydrates and/or salts in water) are dried, the outer surface of the droplets may form a thin solid layer [47] . More complex shapes and internal distributions may also form depending upon the materials, diffusion rates, temperature, etc. [62, 11] . For example, a solid or glassy layer may form at the droplet surface if the water leaves the particle surface more quickly by evaporation than water from inside the particle moves to the surface by diffusion. Such particles are not homogeneous. Fluorescent droplets and particles generated by using a nebulizer, or by persons who sneeze, cough [12] or flush a toilet [28] , or by the breakup of water, may or may not be homogeneous, depending upon the initial size and composition of the droplets, as well as on the humidity and temperature of the surrounding air.
Summary and final comments
This paper uses a model similar to the one in [23, 24] to calculate fluorescence vs. size for pure proteins and clean bacteria. Only the total fluorescence emitted in all directions is calculated. The model is applicable only to particles in which reabsorption of fluorescence within the particle is negligible. The particles studied in this paper (composed of pure proteins or clean bacteria, with varying amounts of water) have negligible reabsorption for the sizes studied. As shown in Section 2, the modeling approach can be applied to particles composed of multiple homogeneous regions, to non-spherical particles, and to particles illuminated by complex waves, so long as methods to calculate the scattered and internal intensities of such particles are available. However, all the calculations presented here are for homogeneous spherical particles illuminated by plane waves. For the analyses done with these particles, we make the following observations. The fluorescence cross section of a homogeneous particle can be calculated as the product of two terms, i.e., C F ¼C abs R F , as discussed in (2.2.3), where R F is the ratio of the energy-emitted-as-fluorescence to the energyabsorbed. The R F is independent of the size and shape of the particle and depends only upon the absorbers and fluorophores in the material composing the particle. The absorption cross section, C abs , depends on the particle size, shape, and the complex refractive index (m), especially m i , but is independent of both the fluorescence quantum yields of the molecules in the particle and of the particular set of molecules that combined to give that m i .
Calculated log-log plots of C F vs. d can be approximately linear in certain size ranges, i.e., the approximation of C F ¼Ad y can be adequate in those ranges where typically 2 r yr3 (Figs. 2, 3, 8-10 ). For the sizes of particles studied here, the y in Ad y tends to decrease as the water content decreases (Figs. 3, 8 and 9 ). Also, for the bacteria and protein studied here, y decreases as d increases, for a given water content, until y is approximately 2, and then it remains approximately 2 for larger d. For example, Fig. 8(a) shows that the y for Bacillus mixed with 2%, 69% or 82% water decreases by approximately 0.74 as d increases from 1 to 10 mm. However, even with this significant variation in y, the plots in depends only on the total m, and, in the examples illustrated here, especially on m i . Comparisons of the absolute magnitudes of the C F -vs.-d curves appear to be essential for testing the assumptions about the molecules that make up the particles (their absorptivities, fluorescence quantum yields, and concentrations). Comparisons with absolute magnitudes of fluorescence are also needed to reach closure of the experiments with models and model parameters. However, the shapes of the measured fluorescence vs. size curves can help in testing assumptions about the content of water, salts, or other nonfluorescing molecules in particles. This is true even if the only measured quantity is the relative fluorescence intensity, especially if the optical properties of the non-water part of the particle is known. Figs. 3, 5, 6 , and 8-10 illustrate how the calculated C F varies with water content and suggest the use of figures such as these in estimating the particles' content of non-fluorescent materials, at least in cases where the composition of the biological part of the particles are known. Figs. 6 and 8-10 also suggest the use of figures such as these to extract ranges of m i that are consistent with the measured data.
The results and concepts of this paper should be useful to developers and users of fluorescence-based instruments for single particle characterization. For example, this paper illustrates how important it is to understand the effects of humidity, and the particle's content of water and salt, on the fluorescence of particles of different sizes and compositions. Also, for example, the paper illustrates general shapes of the plots of Q F vs. m i d, or vs. d/δ which should be useful in fitting measured data on Q F and d to appropriately shaped curves.
